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Abstract Within the canonical formalism, we consider a polydisperse lattice-gas model
and a polydisperse continuous system interacting with the Kac potential. We obtain rigor-
ous expressions for free energy densities. We also exhibit phase diagrams of the bidisperse
lattice-gas model.

Keywords Polydisperse lattice-gas model · Continuous polydisperse system · Kac
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1 Introduction

Polydisperse systems exhibit richer phase behavior than monodisperse systems and their
phase diagrams become more complex [1]. Their coexisting states are less understood math-
ematically. In recent years, several models on polydispersity have been proposed and math-
ematical results have been obtained for some of them [2, 3]. Also, there are a number of
studies associated with a glassy state, using numerical simulations [4].

However, little has been reported on the analytic solution of polydisperse models, such
as free energy. In this paper, we consider two types of models of polydisperse systems with
Kac interaction:

(i) Polydisperse lattice-gas model which is inspired by Sollich et al. [5], where a similar
model in grand canonical ensemble was considered.

(ii) Continuous polydisperse system.

We consider these models in canonical ensemble formalism, and derive analytic expressions
for free energies. Our method of analysis is based on the method of Lebowitz and Penrose
[6], where a monodisperse system was considered.

The outline of the paper is as follows. In Sect. 2 we introduce a polydisperse lattice-gas
model and obtain the free energy. In Sect. 3 we exhibit phase diagrams for the bidisperse
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model of Sect. 2. In Sect. 4 we briefly describe a polydisperse continuous system. Finally,
we present our conclusions in Sect. 5.

Note Added After having submitted the first manuscript of the present paper, the author has
been informed of Ref. [7], where similar results had been obtained for continuous systems.
One of the points of the present paper is the analysis of a lattice-gas model, for which
everything can be written down explicitly.

2 Polydisperse Lattice-Gas Model (PLGM)

In this section, we define a polydisperse lattice-gas model and obtain a rigorous expres-
sion for the free energy. The basic idea is derived from Lebowitz and Penrose [6], where
a monodisperse system is considered. We compute an upper bound for the free energy in
Sect. 2.2 and a lower bound in Sect. 2.3. Then we show the two agree. From now on, we
abbreviate the polydisperse lattice-gas model as PLGM.

2.1 Definitions and Assumptions

We first define the model we consider. We consider a ν-dimensional hypercubic lattice � =
{(x1, x2, . . . , xν)|xi ∈ Z,0 ≤ xi ≤ L} with periodic boundary conditions, where L is a large
integer. Let |�| be the volume of �. We consider n types of particles whose numbers are
fixed. Let Nj be the number of particles of type j (j = 1,2, . . . , n) and let N =∑n

j=1 Nj

be the total number of particles. Each lattice point x ∈ � can be occupied by at most one
particle. We write β ≡ 1/kT (k is the Boltzmann constant and T is the temperature).

Let d1, d2, . . . , dn be positive constants. The particle configuration on � can be expressed
by {Dx}x∈�, where Dx = 0, d1, d2, . . . , dn denotes the type of particle at x (Dx = dj means
there is a particle of type j at x, and Dx = 0 indicates that there is no particle at x). The
Hamiltonian of the system is given by

H ≡
∑

x<y
x,y∈�

w(x − y, γ )DxDy, (2.1)

where w(x − y, γ ) denotes the Kac interaction potential (explained later) between particles
at x and y. Note that the interaction energy between particles depends on types of particles,
due to DxDy in the interaction. We define the partition function Z( �N, |�|, γ ) for given
N1,N2, . . . ,Nn as

Z( �N, |�|, γ ) ≡
⎛

⎝
∏

x∈�

∑

Dx=0,d1,d2,...,dn

⎞

⎠ e−βH

⎛

⎝
n∏

j=1

I

[
∑

x∈�

I
[
Dx = dj

]= Nj

]⎞

⎠ , (2.2)

where �N ≡ (N1,N2, . . . ,Nn). In the above, I [E] is the indicator function for the event E

given by

I [E] =
{

1 (E is satisfied),

0 (otherwise).
(2.3)

The free energy A( �N, |�|, γ ) is defined by

A( �N, |�|, γ ) ≡ −β−1 logZ( �N, |�|, γ ). (2.4)
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We are interested in the infinite volume limit of the free energy density a( �ρ,γ ) defined by

a( �ρ,γ ) ≡ lim
|�|→∞

A( �N, |�|, γ )/|�|, (2.5)

where �ρ ≡ (ρ1, ρ2, . . . , ρn) with ρj = Nj

|�| . In the above we fix ρj (j = 1,2, . . . , n) and let

|�| → ∞. The total density of particles is ρ =∑n

j=1 ρj .
We now specify the interaction potential considered in this paper. w(x,γ ) is the Kac

potential which is given by

w(x,γ ) = γ νϕ(γ x), (2.6)

where γ is a positive parameter, which specifies the range of the potential (the range of the
Kac potential is proportional to the reciprocal of γ ).

We impose the following conditions on ϕ(x):

(a) ϕ(x) ≤ 0 for all x, i.e. w(x,γ ) ≤ 0 for all x, (2.7)

(b) |ϕ(x)| < D3|x|−ν−ε for all x, (2.8)

(c) ϕ(x) is continuous at x = 0, (2.9)

(d)
∫

ϕ(x)dx exists as a Riemann integral, (2.10)

where D3 and ε are positive constants.
Note that w(x,γ ) has the following property:

lim
γ→0

w(x,γ ) = 0 for all x. (2.11)

We introduce
∫

w(x,γ )dx =
∫

ϕ(x)dx ≡ α, (2.12)

which is independent of γ .

2.2 Upper Bound on the Free Energy in PLGM

In this section, we derive an upper bound on the free energy. As depicted in Fig. 1, we divide
the cube � into M smaller cubical regions ω1,ω2, . . . ,ωM , whose linear size is (s + t),
which is a submultiple of the side of �. Thus, the system volume |�| is given by

|�| = M(s + t)ν . (2.13)

Also let ω′
i (i = 1,2, . . . ,M) be the cube of side s consisting of all points within ωi whose

distance from the boundary of ωi is at least 1
2 t . We call ωi or ω′

i the cell.

Let Ni be the number of particles in ω′
i (i = 1,2, . . . ,M) and let N

j

i be the number
of the j th (j = 1,2, . . . , n) particle in ω′

i . These satisfy N1 + N2 + · · · + NM = N and
N1

i + N2
i + · · · + Nn

i = Ni .
We define Z̃({Ni}, {pj

i }) as the contribution to (2.2) from configurations with fixed Ni

and with fixed p
j

i , where p
j

i = N
j

i /Ni (i = 1,2, . . . ,M and j = 1,2, . . . , n) is the ratio of
the j th particle in ω′

i ;
∑n

j=1 p
j

i = 1. Z̃({Ni}, {pj

i }) is given by
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Fig. 1 Division of � into cells

Z̃({Ni}, {pj

i }) =
⎧
⎨

⎩

M∏

i=1

⎛

⎝
∏

x∈ω′
i

∑

Dx=0,d1,d2,...,dn

⎞

⎠

⎫
⎬

⎭
exp

{

−β
∑

x<y

x∈ω′
i
,y∈ω′

j

i≤j≤M

w(x − y, γ )DxDy

}

×
⎧
⎨

⎩

M∏

i=1

⎛

⎝
n∏

j=1

I

⎡

⎣
∑

x∈ω′
i

I
[
Dx = dj

]= Nip
j

i

⎤

⎦

⎞

⎠

⎫
⎬

⎭
. (2.14)

To count the number of terms in the sum of Z̃({Ni}, {pj

i }), we have to consider the com-
bination number of particle positions. The number of ways to choose Ni particle positions
in ω′

i is
(|ω′

i
|

Ni

)= (sν

Ni

)
. Moreover, the number of ways to choose n types of particles from Ni

particle positions is given by the multinomial coefficient

(
Ni

p1
i Ni,p

2
i Ni, . . . , p

n
i Ni

)

=
(

Ni

p1
i Ni

)(
Ni − p1

i Ni

p2
i Ni

)(
Ni − (p1

i + p2
i )Ni

p3
i Ni

)

· · ·
(

Ni − (p1
i + p2

i + · · · + pn−2
i )Ni

pn−1
i Ni

)

.

Therefore, the combination number of particle positions in ω′
i is
(

sν

Ni

)( Ni

p1
i
Ni ,p

2
i
Ni ,...,p

n
i
Ni

)
.

Based on the above consideration, we get the following lower bound.

Z̃({Ni}, {pj

i }) ≥
{

M∏

i=1

(
sν

Ni

)(
Ni

p1
i Ni,p

2
i Ni, . . . , p

n
i Ni

)}

× exp

{

− β
∑

i<j≤M

NiNj

( n∑

k=1

pk
i dk

)( n∑

k=1

pk
jdk

)

wmax(kij , γ )

− β

M∑

i=1

(
Ni

2

)( n∑

j=1

p
j

i dj

)2

wmax(kii , γ )

}

, (2.15)
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where

wmax(kij , γ ) ≡ max
x∈ωi ,y∈ωj

w(x − y, γ ) = max
r∈ωo

w(kij + 2r, γ ). (2.16)

In the above, ωo is a ν-dimensional hypercube of side (s + t) centered at the origin, and kij

is the vector from the center of ωi to that of ωj .
Since Z( �N, |�|, γ ) ≥ Z̃({Ni}, {pj

i }), we obtain the following upper bound from (2.15).

A( �N, |�|, γ ) ≤ − β−1 log

{
M∏

i=1

(sν)!
(sν − Ni)!(p1

i Ni)!(p2
i Ni)! · · · (pn

i Ni)!

}

+
∑

i<j≤M

NiNj

( n∑

k=1

pk
i dk

)( n∑

k=1

pk
j dk

)

wmax(kij , γ )

+ 1

2

M∑

i=1

Ni(Ni − 1)

( n∑

j=1

p
j

i dj

)2

wmax(kii , γ ) (2.17)

Because the above inequality holds for any choice of Ni and p
j

i (i = 1,2, . . . ,M and j =
1,2, . . . , n), we consider the special case of N1 = N2 = · · · = NM = ρ(s + t)ν and p

j

i = pj ;
then, we get

A( �N, |�|, γ )/|�|

≤ −β−1(s + t)−ν log

{
(sν)!

(sν − ρ(s + t)ν)!(p1ρ(s + t)ν)!(p2ρ(s + t)ν)! · · · (pnρ(s + t)ν)!
}

+ 1

2
ρ2

( n∑

j=1

pjdj

)2
(s + t)ν

M

M∑

i=1

M∑

j=1

′wmax(kij , γ )

+ 1

2
ρ {ρ(s + t)ν − 1}

( n∑

j=1

pjdj

)2 1

M

M∑

i=1

wmax(kii , γ ), (2.18)

where
∑M

j=1
′ means a sum with the j = i term omitted.

We take the triple limit |�| → ∞, γ → 0, s → ∞, in this order, where the final limit
(s → ∞) is taken in such a way that

t/s → 0 and sν/tν+ε → 0 as s → ∞. (2.19)

For the second term on the right hand side in (2.18), we obtain

(s + t)ν

M

M∑

i=1

M∑

j=1

′wmax(kij , γ ) → (s + t)ν
∑

k

′wmax(k, γ ) (as |�| → ∞)

→ α (as γ → 0). (2.20)

The first line of (2.20) is obtained, because (see (2.14) in [6]):

lim
|�|→∞

1

M

M∑

i=1

M∑

j=1

′wmax(kij , γ ) =
∑

k

′wmax(k, γ ), (2.21)
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where
∑

k
′ is an infinite sum over the complete infinite lattice of possible vectors kij except

k = 0.
Also, the second line of (2.20) is obtained as follows. By (2.6) and (2.16), we write

(s + t)ν
∑

k

′wmax(k, γ ) = 2−ν
∑

n

′� max
x∈�n

ϕ(x), (2.22)

where �n stands for the ν-dimensional hypercube of side 2γ (s + t) centered at the point
γ (s + t)n with its sides parallel to those of �, and � ≡ 2νγ ν(s + t)ν is the volume of one
of the cubes �n. Now, take the γ → 0 limit to obtain

(s + t)ν lim
γ→0

∑

k

′wmax(k, γ ) =
∫

ϕ(x)dx ≡ α. (2.23)

For the third term on the right hand side in (2.18), using (2.11), we obtain

lim
γ→0

lim|�|→∞
1

M

M∑

i=1

wmax(kii , γ ) = 0. (2.24)

We now write a( �ρ,0+) ≡ limγ→0 a( �ρ,γ ). Taking the triple limit (|�| → ∞, γ → 0,
s → ∞, in this order) of (2.18) with the help of (2.20) and (2.24), we obtain

a( �ρ,0+) ≤ β−1

{

ρ logρ + (1 − ρ) log(1 − ρ) + ρ

n∑

j=1

pj logpj + 1

2
βρ2α

( n∑

j=1

pjdj

)2
}

,

(2.25)

where we have used the Stirling’s formula for the first term on the right hand side
in (2.18).

Substituting p1 = ρ1/ρ,p2 = ρ2/ρ, . . . ,pn = ρn/ρ into (2.25), we obtain

a( �ρ,0+) ≤ β−1

{

(1 − ρ) log(1 − ρ) +
n∑

j=1

ρj logρj + 1

2
βα

( n∑

j=1

ρjdj

)2
}

. (2.26)

(2.26) can be improved by using the fact that a( �ρ,γ ) is a convex function, and in particular,
a( �ρ,0+) is a convex function. This leads to

a( �ρ,0+) ≤ β−1CE

{

(1 − ρ) log(1 − ρ) +
n∑

j=1

ρj logρj + 1

2
βα

( n∑

j=1

ρjdj

)2
}

, (2.27)

where for any function f ( �ρ), CE {f ( �ρ)} means the convex envelope of the function, defined
as CE {f ( �ρ)} ≡ supφ( �ρ), where sup is taken over all φ( �ρ) with the following properties:

φ( �ρ) is convex, (2.28)

φ( �ρ) ≤ f ( �ρ) for all �ρ. (2.29)

(2.27) is the desired upper bound on the free energy.
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2.3 Lower Bound on the Free Energy in PLGM

Analogous to Sect. 2.2, let Z({Ni}, {pj

i }) be the contribution to (2.2) from configura-
tions with Ni particles in the cell ωi and with fixed ratio p

j

i (i = 1,2, . . . ,M, j =
1,2, . . . , n and N1 + N2 + · · · + NM = N). Then, we have

Z( �N, |�|, γ ) =
∑

N1,...,NM

∑

{p1
i
,...,pn

i }
Z({Ni}, {pj

i }), (2.30)

where
∑

N1,...,NM
is the sum over all sets of M nonnegative integers adding up to N and

∑
{p1

i
,...,pn

i
} is the sum over all possible p

j

i which satisfy
∑n

i=1 Nip
j

i ≡ Nj .

We consider the number of terms in the sum of (2.30). There are (N + M − 1)!/
N !(M − 1)! (= (N+M−1

N

)
) terms in the sum

∑
N1,...,NM

. The number of all possible values

of p
j

i is equal to the number of terms in the sum
∑

{p1
i
,...,pn

i
}. Let N

j

i be the number of j th

particle in ωi . First, p1
i = N1

i /Ni and possible values of N1
i are N1

i = 0,1, . . . ,Ni . Thus, the
number of all possible values of p1

i is Ni + 1. Secondly, p2
i = N2

i /Ni and possible values
of N2

i are N2
i = 0,1, . . . ,Ni − p1

i Ni . Therefore, the number of all possible values of p2
i

is Ni − p1
i Ni + 1. With a similar argument for p3

i , p
4
i , . . . , p

n−1
i , the number of all possible

values of p
j

i in ωi is (Ni + 1)(Ni − p1
i Ni + 1)(Ni − (p1

i + p2
i )Ni + 1) · · · (Ni − (p1

i + p2
i +

· · · + pn−2
i )Ni + 1). From the above consideration, we conclude that the number of terms in

the sum
∑

{p1
i
,...,pn

i
} is
∏M

i=1(Ni + 1)(Ni −p1
i Ni + 1)(Ni − (p1

i +p2
i )Ni + 1) · · · (Ni − (p1

i +
p2

i + · · · + pn−2
i )Ni + 1).

Therefore, we have the following upper bound from (2.30).

Z( �N, |�|, γ ) ≤ (N + M − 1)!
N !(M − 1)!

× max
{Ni },{pj

i
}

[{ M∏

i=1

(Ni + 1)(Ni − p1
i Ni + 1)(Ni − (p1

i + p2
i )Ni + 1) · · ·

× (Ni − (p1
i + p2

i + · · · + pn−2
i )Ni + 1)

}

Z({Ni}, {pj

i })
]

, (2.31)

where max{Ni },{pj
i
} is taken over all possible combinations of Ni,p

j

i .

For Z({Ni}, {pj

i }), we get the following inequality analogous to (2.15).

Z({Ni}, {pj

i }) ≤
{

M∏

i=1

(
(s + t)ν

Ni

)(
Ni

p1
i Ni,p

2
i Ni, . . . , p

n
i Ni

)}

× exp

{

− β
∑

i≤j≤M

NiNj

( n∑

k=1

pk
i dk

)( n∑

k=1

pk
j dk

)

wmin(kij , γ )

}

, (2.32)

where

wmin(kij , γ ) ≡ min
x∈ωi ,y∈ωj

w(x − y, γ ) = min
r∈ωo

w(kij + 2r, γ ). (2.33)
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Since

Ni

( n∑

k=1

pk
i dk

)

· Nj

( n∑

k=1

pk
j dk

)

≤ 1

2
Ni

2

( n∑

k=1

pk
i dk

)2

+ 1

2
Nj

2

( n∑

k=1

pk
j dk

)2

,

and wmin(kij , γ ) ≤ 0 by (2.7), we obtain

−
∑

i≤j≤M

NiNj

( n∑

k=1

pk
i dk

)( n∑

k=1

pk
jdk

)

wmin(kij , γ )

≤ −1

2

M∑

i=1

Ni
2

( n∑

k=1

pk
i dk

)2 M∑

j=1

wmin(kij , γ ). (2.34)

Extending the sum over j in (2.34) to infinity, we have

M∑

j=1

wmin(kij , γ ) ≥
∑

k

wmin(k, γ ). (2.35)

From (2.31), (2.32), (2.34), and (2.35), we obtain

A( �N, |�|, γ )/|�|

≥ β−1|�|−1 log

{
N !(M − 1)!

(N + M − 1)!
}

+ |�|−1 min
{Ni },{pj

i
}

M∑

i=1

[

− β−1 log

{

(Ni + 1)(Ni − p1
i Ni + 1)

× (Ni − (p1
i + p2

i )Ni + 1) · · · (Ni − (p1
i + p2

i + · · · + pn−2
i )Ni + 1)

×
(

(s + t)ν

Ni

)(
Ni

p1
i Ni,p

2
i Ni, . . . , p

n
i Ni

)}

+ 1

2
Ni

2

( n∑

j=1

p
j

i dj

)2∑

k

wmin(k, γ )

]

. (2.36)

The following inequality holds for any function F(·).

M−1
M∑

i=1

F(Ni,p
1
i Ni,p

2
i Ni, . . . , p

n
i Ni)

≥ M−1
M∑

i=1

CE
{
F(Ni,p

1
i Ni,p

2
i Ni, . . . , p

n
i Ni)

}

≥ CE

{

F

(

M−1
M∑

i=1

Ni,M
−1

M∑

i=1

p1
i Ni,M

−1
M∑

i=1

p2
i Ni, . . . ,M

−1
M∑

i=1

pn
i Ni

)}

= CE
{
F(M−1ρ|�|,M−1ρ1|�|,M−1ρ2|�|, . . . ,M−1ρn|�|)}

= CE
{
F(ρ(s + t)ν, ρ1(s + t)ν, ρ2(s + t)ν, . . . , ρn(s + t)ν)

}
, (2.37)
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where the second line follows from the fact that CE{F(·)} is a lower bound on F(·), and the
third from the fact that CE{F(·)} is convex.

Using (2.37) in the second term of (2.36), we obtain

|�|−1 min
{Ni },{pj

i
}

M∑

i=1

[

− β−1 log

{

(Ni + 1)(Ni − p1
i Ni + 1)

× (Ni − (p1
i + p2

i )Ni + 1) · · · (Ni − (p1
i + p2

i + · · · + pn−2
i )Ni + 1)

×
(

(s + t)ν

Ni

)(
Ni

p1
i Ni,p

2
i Ni, . . . , p

n
i Ni

)}

+ 1

2
Ni

2

( n∑

j=1

p
j

i dj

)2∑

k

wmin(k, γ )

]

≥ β−1(s + t)−νCE

[

− log

{

(ρ(s + t)ν + 1)((ρ − ρ1)(s + t)ν + 1) · · ·

× ((ρ − ρ1 − ρ2 − · · · − ρn−1)(s + t)ν + 1)

×
(

(s + t)ν

ρ(s + t)ν

)(
ρ(s + t)ν

ρ1(s + t)ν, ρ2(s + t)ν, . . . , ρn(s + t)ν

)}

+ 1

2
β

( n∑

j=1

ρjdj

)2

(s + t)2ν
∑

k

wmin(k, γ )

]

≈ β−1(s + t)−νCE

{

− log(ρ(s + t)ν + 1) − log((ρ − ρ1)(s + t)ν + 1) − · · ·

− log((ρ − ρ1 − · · · − ρn−1)(s + t)ν + 1) + (s + t)ν log(1 − ρ) + 1

2
log(1 − ρ)

− ρ(s + t)ν log
1 − ρ

ρn
+ n

2
log 2π(s + t)ν + 1

2
logρ1ρ2 · · ·ρn

+ (s + t)ν

n−1∑

j=1

ρj log
ρj

ρn
+ 1

2
β

( n∑

j=1

ρjdj

)2

(s + t)2ν
∑

k

wmin(k, γ )

}

, (2.38)

where we have used the Stirling’s formula for the rightmost term of (2.38).
For the first term of (2.36), we get

lim
s→∞ lim

γ→0
lim

|�|→∞
β−1|�|−1 log

{
N !(M − 1)!

(N + M − 1)!
}

= lim
s→∞ lim

γ→0
β−1
[−(s + t)−ν log{1 + ρ(s + t)ν} − ρ log{1 + ρ−1(s + t)−ν}]

= 0, (2.39)

where we have also used the Stirling’s formula.
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Analogous to (2.23), we obtain

(s + t)ν lim
γ→0

∑

k

wmin(k, γ ) =
∫

ϕ(x)dx ≡ α. (2.40)

Also, we employ the following lemma (see (4.23) in [6]): let fn(ξ) be a sequence of
functions converging uniformly on a set to f (ξ) as n → ∞. Then, we have

lim
n→∞ CE {fn(ξ)} = CE {f (ξ)} . (2.41)

Substituting (2.38) into (2.36), we take the triple limit (|�| → ∞, γ → 0, s → ∞) to
obtain the following inequality with the help of (2.39), (2.40), and (2.41).

a( �ρ,0+) ≥ β−1CE

{

log(1 − ρ) − ρ log
1 − ρ

ρn
+

n−1∑

j=1

ρj log
ρj

ρn
+ 1

2
β

( n∑

j=1

ρjdj

)2

α

}

= β−1CE

{

(1 − ρ) log(1 − ρ) +
n∑

j=1

ρj logρj + 1

2
βα

( n∑

j=1

ρjdj

)2
}

. (2.42)

(2.42) is the desired lower bound on the free energy. The lower bound (2.42) and the upper
bound (2.27) are equal. Therefore we conclude

a( �ρ,0+) = β−1CE

{

ã0( �ρ) + 1

2
βα

( n∑

j=1

ρjdj

)2
}

, (2.43)

where ã0( �ρ) ≡ (1 − ρ) log(1 − ρ) +∑n

j=1 ρj logρj represents lattice-gas hard core repul-
sions.

3 Phase Diagram in PLGM

In this section, we obtain phase diagrams for the free energy derived in Sect. 2. We restrict
ourselves to a bidisperse case, whose phase diagram can be drawn in three dimensions.

In the bidisperse case, we obtain the following equation from (2.43).

a( �ρ,0+) = β−1CE
{
f (ρ1, ρ2)

}
, (3.1)

where

f (x, y) ≡ (1 − x − y) log(1 − x − y) + x logx + y logy + 1

2
βα(ax + by)2, (3.2)

with a = d1 and b = d2.
The phase diagram for (3.1) is composed of three domains—a liquid phase, a gas phase,

and a coexisting phase. In the liquid or gas phase, the quantity in the braces in (3.1) is itself
convex. Therefore, we get

a( �ρ,0+) = β−1f (ρ1, ρ2). (3.3)
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On the other hand, the quantity in the braces in (3.1) is not convex in the coexisting phase,
and the free energy is expressed as a linear combination of free energies at two points on the
boundary. In the following we explain in detail how to determine the boundary and the free
energy in the coexisting phase.

Let (x ′, y ′, f (x ′, y ′)) be a point in the coexisting phase and (x1, y1, f (x1, y1)),
(x2, y2, f (x2, y2)) be the corresponding two points on the boundary. Then (x ′, y ′, f (x ′, y ′)),
(x1, y1, f (x1, y1)), and (x2, y2, f (x2, y2)) must lie on a line segment. Furthermore, the tan-
gent plane at (x1, y1, f (x1, y1)) must coincide with that at (x2, y2, f (x2, y2)).

The equation of the tangent plane at (x1, y1, f (x1, y1)) is given by

z − f (x1, y1) = fx(x1, y1)(x − x1) + fy(x1, y1)(y − y1). (3.4)

Analogously, the equation of the tangent plane at (x2, y2, f (x2, y2)) is given by

z − f (x2, y2) = fx(x2, y2)(x − x2) + fy(x2, y2)(y − y2). (3.5)

Therefore, we obtain the following equations as the condition that (3.4) coincides
with (3.5).

fx(x1, y1) = fx(x2, y2), (3.6)

fy(x1, y1) = fy(x2, y2), (3.7)

f (x1, y1) − x1fx(x1, y1) − y1fy(x1, y1)

= f (x2, y2) − x2fx(x2, y2) − y2fy(x2, y2). (3.8)

Three points (x ′, y ′), (x1, y1), (x2, y2) are on the same line segment if there exists 0 ≤
t ≤ 1 such that

t

(
x1

y1

)

+ (1 − t)

(
x2

y2

)

=
(

x ′
y ′

)

. (3.9)

By explicit calculations, (3.6), (3.7), and (3.8) yield

− log(1 − x1 − y1) + logx1 + βαa(ax1 + by1)

= − log(1 − x2 − y2) + logx2 + βαa(ax2 + by2), (3.10)

− log(1 − x1 − y1) + logy1 + βαb(ax1 + by1)

= − log(1 − x2 − y2) + logy2 + βαb(ax2 + by2), (3.11)

log(1 − x1 − y1) − 1

2
βα(ax1 + by1)

2 = log(1 − x2 − y2) − 1

2
βα(ax2 + by2)

2. (3.12)

Solving (3.9), (3.10), (3.11), and (3.12) as simultaneous equations, we can derive two
points (x1, y1, f (x1, y1)), (x2, y2, f (x2, y2)) for a given (x ′, y ′), and we obtain the free en-
ergy f (x ′, y ′) from the following equation.

f (x ′, y ′) = tf (x1, y1) + (1 − t)f (x2, y2), (3.13)

where t is given by (3.9).
To obtain a phase diagram, we vary (x ′, y ′) and find the boundary points (x1, y1,

f (x1, y1)), (x2, y2, f (x2, y2)) as above. For α = −1, a = 1, b = 2,3 and several values of β ,



54 K. Ono

Fig. 2 Phase diagrams at (a) β = 1.25, b = 2, (b) β = 3, b = 2, (c) β = 0.55, b = 3, and (d) β = 1, b = 3 for
α = −1, a = 1

phase diagrams with the vertical axis x and the transverse y are given in Fig. 2. The do-
main occupied by line segments indicates the coexisting phase. A set of end points of line
segments is the boundary of the coexisting phase.

The above description is about the case where the graph of f (x, y) has a tangent plane
at two points. Actually, there are cases where it has a tangent plane at three points. Then,
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Fig. 3 Phase diagrams at (a) β = 3.5, b = 2, (b) β = 4.2, b = 2, (c) β = 3.5, b = 1.98, and
(d) β = 4.2, b = 1.95 for α = −1, a = 1

Fig. 4 Schematic phase diagrams for α = −1, a = 1, b = 2

the free energy on the triangle region with vertices at three points is expressed as a linear
combination of free energies at three points, and we can obtain a phase diagram using the
same idea as above. Phase diagrams for α = −1, a = 1 and several values of β,b are given
in Fig. 3. Schematic phase diagrams are given in Fig. 4, Fig. 5, and Fig. 6 (change of phase
diagrams as we increase β is schematically shown in Fig. 4, Fig. 5, and Fig. 6).



56 K. Ono

Fig. 5 Schematic phase diagrams for α = −1, a = 1, b < 2

Fig. 6 Schematic phase diagrams for α = −1, a = 1, b > 2

We remark that there is a simple scaling relation among β,a, and b. That is, the shape of
the coexisting phase for a set (β, a, b) coincides with that for the set (β/C2, a × C,b × C),
where C is an arbitrary positive constant.

4 Polydisperse Continuous System

In Sect. 2, we have treated a polydisperse discrete system (lattice-gas model). In this section,
we briefly introduce a polydisperse continuous system.

Definitions and assumptions are almost the same as Sect. 2.1. We only explain the differ-
ence in the following. Let � be a ν-dimensional hypercube in R

ν . We write the potential as
v(x, γ ) (x ∈ R

ν ). v(x, γ ) is given by

v(x, γ ) = q(x) + w(x,γ ), (4.1)

where q(x) is a short-range potential which satisfies

q(x) = ∞ (|x| < r0), (4.2)

|q(x)| < D2|x|−ν−ε (|x| ≥ r0), (4.3)

where r0,D2, ε are positive constants. w(x,γ ) is the Kac potential as in Sect. 2.1.
There are N particles in �, and x1, x2, . . . , xN ∈ � indicates each particle’s posi-

tion. Analogous to Sect. 2.1, Dxk
= d1, d2, . . . , dn denotes the type of particle at xk (k =

1,2, . . . ,N). The potential energy V of the system is given by

V ≡
∑

k<l≤N

Dxk
Dxl

v(xk − xl, γ ). (4.4)
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The partition function Z( �N, |�|, γ ) is defined by

Z( �N, |�|, γ ) ≡
(

1

N !
)(

1

β

) νN
2

⎧
⎨

⎩

N∏

k=1

⎛

⎝
∑

Dxk
=d1,...,dn

⎞

⎠

⎫
⎬

⎭

∫

�

· · ·
∫

�

e−βV dx1 · · ·dxN . (4.5)

Analogous to Sect. 2 and the method of Lebowitz and Penrose [6], we can get the fol-
lowing free energy density.

a( �ρ,+0) = CE

{

a0( �ρ) + 1

2
α

( n∑

j=1

ρjdj

)2
}

, (4.6)

where a0( �ρ) is the polydisperse free energy density of the system without the Kac potential,
i.e., the system with v(x, γ ) = q(x). The corresponding quantity for the lattice gas model
is ã0( �ρ) of (2.43), which does not depend on the types of particles. We could introduce
polydisperse short range interactions for lattice-gas models as well, but if we do so, we
cannot write down an explicit form for ã0( �ρ).

5 Conclusion

We have derived rigorous expressions for free energies of polydisperse systems which ex-
hibit liquid-vapor transition. For the bidisperse lattice-gas model, complete phase diagrams
have been obtained, which enable us to understand the coexisting phase clearly.

There are some open problems. We have not presented phase diagrams for the polydis-
perse continuous system, because we do not know the explicit form of the free energy due
to the short-range interaction (a0( �ρ) in (4.6)). It is therefore desirable to investigate a0( �ρ) in
more detail. It is also desirable to consider a polydisperse lattice-gas model with short-range
potentials instead of the Kac long-range potential.

Acknowledgements The author is grateful to Professor Takashi Hara for many helpful discussions and
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